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1 Introduction 

Let A be a commutative Noetherian ring of dimension d. For any 1 < s < d, abelian group called the 
Euler class group E S (A) of A is defined in [5] and given any projective A- module P of rank n < d, a 
Whitney class homomorphism w(P) : E d ~ n — > E d (A) is defined. Further it is proved that if P has a 
unimodular clement, then w{P) is the zero map. Assume that A is a regular domain of dimension d 
containing an infinite field k. For a positive integer n with 2n > d + 3, we prove the following results: 

(i) For a stably free A-module P of rank n, we will associate an element e(P) of E n (A) and prove 
that e(P) = in E n (A) if and only if P splits off a free summand of rank one (i.e. P = Q©A for some 
projective A-module Q of rank n — 1). When P(&A A n+1 , this result is due to Bhatwadekar and Raja 
Sridharan [J]. 

(ii) An element (J,wj) is zero in E n (A[T]) if and only if J is generated by n elements and wj is a 
global orientation of J. This result is also proved by Das and Raja ([6], Theorem 3.1), but their proof is 
different from ours. When 2n > d + 3, this result follows from [4] for any Noetherian ring A. Hence the 
regularity of the ring is used only in the case 2n = d + 3. 

(Hi) Given a stably free A-module Q of rank n, we define a Whitney class homomorphism w(Q) : 
E S (A) — > E n+S (A). Further, we prove that if Q has a unimodular element, then w(Q) is the zero map. 
When n + s = d, these results are proved in [8] for arbitrary projective module Q over any Noetherian 
ring A. 

It will be ideal to define the Whitney class homomorphism for all projective A-module Q of rank n. 
For this first we need to define the euler class of Q in E n (A) which is not known. 



2 Euler class groups 

All the rings considered are commutative Noetherian and all the modules are finitely generated. For a 
ring A of dimension d > 2 and 1 < n < d, the nth Euler class group of A, denoted by E n (A) is defined 
in [S] as follows: 
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Let E n (A) denote the group generated bynxn elementary matrices over A and let F — A n . A local 
orientation is a pair (/, w), where I is an ideal of A of height n and w is an equivalence class of surjective 
homomorphisms from F/IF to I /I 2 . The equivalence is defined by E n (A/ I)-ma,ps. 

Let L n (A) denote the set of all pairs (I,w), where I is an ideal of height n such that Spec (A/I) is 
connected and w : F/IF — >-> I /I 2 is a local orientation. Similarly, let Lq(A) denote the set of all ideals 
I of height n such that Spec (A/ 1) is connected and there is a surjective homomorphism from F/IF to 
I/I 2 . 

Let G n (A) denote the free abelian group generated by L n (A) and let Gq(A) denote the free abelian 
group generated by Lq(A). 

Suppose I is an ideal of height n and w : F/IF — h- I /I 2 is a local orientation. By (0], Lemma 4.1), 
there is a unique decomposition I — fljii, such that Jj's are pair wise comaximal ideals of height n and 
Spec (A/ Ii) is connected. Then w naturally induces local orientations Wi : F/IiF — h- h/I 2 - Denote 
(J,u;) = G n (A). Similarly we denote (I) = € G%(A). 

We say a local orientation w : F/IF — H- I /I 2 is global if w can be lifted to a surjection il : F — H> 7. 
Let 77" (A) be the subgroup of G n (A) generated by global orientations. Also let Hft(A) be the subgroup 
of Gq(A) generated by (I) such that I is a surjective image of F. 

The Euler class group of codimension n cycles is defined as E n (A) = G n (A)/H n (A) and the weak 
Euler class group of codimension n cycles is defined as Eft (A) — Gq (A) / Hft (A) . 

The following result is proved in ([4], Corollary 2.4) in the case P is free. Same proof works in this 
case, hence we omit the proof. 

Lemma 2.1 Let A be a ring of dimension d and let n be an integer such that 2n > d+ 1. Let I be an 
ideal of A of height n. Let P be a projective A-module of rank n. Suppose <fi : P — H I / 1 2 be a surjection. 
Then, we can find a lift $' : P — > I of <p such that $'(P) = I D I' , where I' is an ideal of height > n and 
comaximal with I . 

Further, given any ideal K of A of height > d — n + 1, we can choose I' to be comaximal with K . 

Using (|2.1j) . ([2], 4.11, 5.7) and following the proof of ([4], Proposition 3.3), we can prove the following 
result. Hence we omit the proof. 

Proposition 2.2 Let A be a regular domain of dimension d containing an infinite field and let n be an 
integer such that In > d + 3. Let P = Q®A be a projective A-module of rank n. Let J, Ji, J2 be ideals of 
A[T] of height n such that J is comaximal with 3\ and J<i- Assume that there exist surjections 

a : P[T] -»JnJ u P: P[T] -H- J n J 2 

with a® A[T]/ J — f3® A\T]/ J . Suppose that there exists an ideal J3 C A[T] of height n such that J3 is 
comaximal with J, J\, J2 and there exists a surjection 7 : P[T] — H- JaPlJi with a <X> A[T]/ J\ = 7 <S> A[T]/ J\. 

Then there exists a surjection 5 : P[T] -H J 3 n J 2 with S <g) A[T]/J 3 = 7 ® A[T]/J 3 and S ® A[T)/J 2 = 
p®A[T]/J 2 . 

If we replace A[T] be any Noetherian ring B of dimension d and P[T] by any projective S-module 
P = Q(BB of rank n, then using ([2], Theorems 3.7 and 5.6) and following the proof of ([4], Proposition 
3.3), we can prove (|2.2j) in this case also. 
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Using (P], 4.11, 5.7), (|2.2p and following the proof of ([3], Theorem 4.2), we can prove the following 
result. This result is also proved in ([BJ, Theorem 3.1). Note that regularity of the ring is used only when 
2ri = d + 3. When In > d + 3, (J23]) holds for any ring A by (g], Theorem 4.2). 

Theorem 2.3 Let A be a regular ring of dimension d > 3 containing an infinite field and let n be an 
integer such that 2n > d + 3. Assume that the image of (J,w.j) is zero in E n (A[T]), where J C A[T] 
is an ideal of height n and wj : (A[T]/J) n — H- J/ J 2 is an equivalence class of surjections. Then J is 
generated by n elements and wj can be lifted to a surjection 9 : A[T]™ — H> J . 

2.1 Euler class of Stably free modules 

Let A be a regular ring of dimension d > 3 containing an infinite field and let n be an integer such that 
2n > d + 3. In [4], a map from Um n +i(.<4.) to E n (A) is defined and it is proved that, if P is a projective 
A- module of rank n defined by the unimodular element [ao, ■ ■ ■ , a n ], then P has a unimodular element if 
and only if the image of [a , . . . , a„] in E n (A) is zero (0], Theorem 5.4). Note that P®A -> A n+1 . 

For r > 1, let Um ri „ +r (A) be the set of all r x (n+r) matrices a in M r ^ n+r (A) which has a right inverse, 
i.e there exists r € M n+Ttr such that ctt is the r x r identity matrix. For any element a € Um r . j „ +r .(j4), 
we have an exact sequence 

-> A r A A" +r -> P -> 0, 

where er(i>) = for v £ A r and P is a stably free projective A-module of rank n. Hence, every element 
of \Jm r ^ n+r (A) corresponds to a stably free projective A-modulc of rank n and conversely, any stably free 
projective A- module P of rank n will give rise to an element of Um r>n+r (j4) for some r. We will define 
a map from Um r . ] „ +r (A) to E n (A) which is a natural generalization of the map Um„ + i(A) — > E n (A) 
defined in [3]. 

Let a be an element of Um r . ! „ +r (A). 

■ • ■ «l,n+r 
a T \ . . . flr,n+l' 

Let ei, . . . , e n + r be the standard basis of A n+r and let 

n+r n+r 



P = A n+r /(J2 ai,i e t ,...,J2 «r, ei)A 

8=1 1=1 

Let pi, . . . ,Pn+r be the images of ei, . . . , e n + r respectively in P. Then 

n+r n+r n+r 

P = Ap,; with relations a\^pi — 0, . . . , a r ,iPi = 0. 

i=l i=l z=l 

To the triple (P, (pi, . . . ,p„+ r ), c), we associate an element e(P, (pi, . . . ,p„+r), cr) of P"(A) as follows: 

Let A : P — h- J be a surjection, where J C A is an ideal of height n. Since P©A r = A n+r and 
dim A/J < d— n < n — 3, by [1], P/JP is a free A/J-module of rank n. Since J/ J 2 is a surjective image 
of P/JP, J/ J 2 is generated by n elements. 
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Let "bar" denote reduction modulo J. By Bass result ([]]), there exists 6 E n+r (A/ J) such that 

10 

&2,1 &2,2 



[a M , . . . , ai n+r ] 6 = [1, 0, . . . , 0]. Let a Q 



62, n 



6 r 1 6 r 



Further, there exists 61 G E n+r (A/J) such that cr 9 61 



+r 



1 
b^2 ■■■ 

w7 2 ... 



t>2,n+r 



br,n 



+r 



It is clear that the first row of the elementary matrix (GBi) -1 is [aTJ, . . . , ai, ra + r ] and the matrix 

fe : 2 ■ ■ ■ &2,n+r 

■ ■ ■ belongs to Um( r _i) i n + r -\){A/ J). Hence, by induction on r, there exists 

@2 G E n+r -i(A/ J) such that the first r — 1 rows of 82 are <7i. Hence ef" can be completed to an 
elementary matrix A € E n + r {A/ J) (i.e. ct is the first r rows of an elementary matrix A 6 E n + r (A/ J)). 
Since 2^ i=1 ai,iPi = 0, . . . , 2^ i=1 a r ,i p t = 0, we get 



A[p 1 ,...,_p„ +r ] t = [0,...,0,gi 



> • • • ) 9nJ j 



where i stands for transpose. 

Thus (qj, . . . , (fo) is a basis of the free module P/JP. Let wj be given by the set of generators 
X(q%), . . . , X(q n ) of J I J 2 , i.e wj : (A/ J)" -H J/ J 2 given by wj(ei) = A(%) for i = 1, . . . , n. 

We define e(P, (pi, . . . ,p„ +r ), cr) = (J, wj) G £" l (A). We need to show that e(P, (p%, . . . ,p n+r ), a) is 
independent of the choice of the elementary completion of a. 

Lemma 2.4 Suppose T e E n+r (A/ J) is chosen so that its first r rows are a. Let r[pT, . . . ,p„+ r ]* = 
[0, . . . , 0, q[, . . . , q' n Y ■ Then there exists "J € E„(A/ J) such that ^\qT, . . . , qil] 1 — [q[, . . . , q' n ]. 

1 ... ... C 



Proof The matrix FA 1 € E n + r {A/ J) is such that its first r rows are 
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Therefore, there exists * G SL n (A/J) H E n+r (A/ J) such that *£\jqi, . . . ,<fo]' = [q' v . . . Since n > 
dim A I J + 1, by ([10], Theorem 3.2), * e E n (A/J). U 
The remaining arguments needed to show that e(P,(pi, . . . , p n +r) 7 cr) is a well defined element of E n (A) 
is same as in ([4], p. 152-153), hence we omit it. Therefore we have a well defined map XJm. r , n + r (A) A 
E n (A). 

The following result can be proved by following the proof of ([4], Theorem 5.4). Hence we omit the 
proof. 

Theorem 2.5 Let A be a regular ring of dimension d containing an infinite field k and let n be an integer 
such that 2n > d + 3. Let P be a stably free A-module of rank n defined by a £ Unv n+r (A). Then P has 
a unimodular element if and only if e(P) = e(o~) = in E n (A). 
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2.2 Whitney class homomorphism 

Let A be a regular domain of dimension d > 2 containing an infinite field k and let Q be a stably free 
A-module of rank n with 2n > d + 3. In ()2.5|) . we proved that e(Q) = in E n (A) if and only if Q has 
a unimodular element. Using this result we will establish a whitney class homomorphism of stably free 
modules. When n + s = d, then (|2.6[) is proved in ([8 1, Theorem 3.1) for any projective A-module Q. Our 
proof is a simple adaptation of their proof. 

Theorem 2.6 Let A be a regular domain of dimension d > 2 containing an infinite field k. Suppose 
Q is a stably free A-module of rank n defined by a 6 \Jm r ^ n+r (A). Then there exists a homomorphism 
w(Q) : E S (A) ->■ E n+S (A) for every integer s > 1 wif/i 2n + s > d + 3. 

Proof Write F = A n and F' = A s . Let J be an ideal of height s and w : F'/IF' -H I// 2 be an 
equivalence class of surjective homomorphisms, where the equivalence is defined by E S (A/I) — E(F' /IF') 
maps. To each such pair (I,w), we will associate an element w(Q) PI (I,w) G E n+S (A). 

First we can find an ideal I C A of height > n + s and a surjective homomorphism ip : Q/IQ — H> /// 
(this is just the existence of a generic surjection of Q/IQ). Let ifi®A/I = ip. Then ip : Q/IQ — H- 
1/(1 + I 2 ) is a surjection. 

Since dim A// < e?— (n+s) < n — 3, Q/IQ is a free A/I-module, by Bass result (jl]). Let "bar" denotes 
reduction modulo /, then a S Um ri7l _|_ r (j4) can be completed to an elementary matrix O S F n+T .(j4). This 
gives a well defined basis , . . . , q n ] for Q which does not depends on the elementary completions of a 
(in the sense that any two basis of Q obtained this way will be connected by an element of E n (A)). 

Let 7 : F/ IF ^> Q/IQ be the isomorphism given by 7 (el) = q t for i = 1, . . . , n, where e\, . . . , e„ is 
the standard basis of the free module F. Let (3 — ^7 : F/IF — H> //(/ + I 2 ) be a surjection and let 
/?' : F//F -> 7/7 2 be a lift of [3. 

Further, w : F' /IF' — H> I/I 2 induces a surjection {y : F' /IF' — >-> (I + I 2 )/I 2 . Composing w with the 
natural inclusion (I + I 2 )/ 1 2 C I// 2 , we get a map w' : F' /IF' I/I 2 . 

Combining w' and /3', it is easy to see that we get a surjective homomorphism 

A = P'®w' : F/JF®F'/IF' = (F®F')/I(F®F') I /I 2 

(surjectivity follows by considering the exact sequence — > (I + I 2 )/ 1 2 I /I 2 1/(1 + I 2 ) — > 0). We 
have (I, A) a local orientation of J. We will show that the image of (I, A) in E n+S (A) is independent of 
choices of ip, the lift /?' and the representative of w in the equivalence class. 

Step 1. First we show that for a fixed tp, (I, A) in E n+S is independent of the lift j3' and the 
representative of w. 

(a) Suppose w,w\ : F'/IF' — H- I /I 2 are two equivalent local orientations of I. Then wi = 
we for some e £ E(F'/IF'). Using the canonical homomorphisms E(F'/IF') -H- E(F'/IF') 
E((F®F')/I(F(BF')), we get that = w'ei for some ei 6 E((F®F')/I(FS)F')). 

Let Ai be the local orientation of / obtained by using (3' and wi. Then Ai = Aei. Hence (I, A) = 
(I, Ax) in E n+S (A). 
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(b) Let P" : F/IF -> I/I 2 be another lift of /?. Then <j> = /3' - /3" : F/IF ->■ (7 + I 2 )/! 2 . Since 
wi : F' /IF 1 -H- (7 + 7 2 )/7 2 is a surjection, there exists g : F/7F -> F' /IF' such that = 0. 

Let e 2 = (g?) S E{(F®F')/1{F®F')). Then (/Tewi)^ = (/3'Stui). Therefore, if A 2 = (3"®w[, 
then A 2 £2 = Ai = Aei. 

This completes the proof of the claim in step 1. 

Step 2. Now we will show that (I, A) £ E n+S {A) is independent of also (i.e. it depends only on 
(I,w)). 

Recall that w : F' /IF' — H> I/I 2 is a surjection. It is easy to see that we can lift w to a surjection 
O : F' -» I n if, where if + I = A and if is an ideal of height s (or if = A). 

We can find an ideal if C A of height > n + s and a surjective homomorphism ip' : Q/KQ — K/K. 
Let ip' <8> -4/7? = V>'- Then ^' : Q/7f Q -H- if /(if + if 2 ) is a surjection. 

Again, since dim A/if < n — 3, Q/KQ is a free A/if -module. If "bar" denotes reduction modulo if, 
then a £ Um rj „ +r (A/if ) can be completed to an elementary matrix which gives a basis Pi,... ,p n for 
Q/KQ. Let -f' : F/KF -> Q/KQ be the isomorphism given by 7' (el) = p { . Let 77 = V>V : F/KF -H- 
K/(I + K 2 ) be a surjection and let rj' : F/KF ->■ K/K 2 be a lift of 77. 

The map f2 : 7 1 ' — H> Zflif induces a surjection A/if = O' : F'/KF' -H- K/K 2 which in turn 
induces a surjection Q! ®A/K = w" : F'/KF' -»■ (X + K 2 )/K 2 . Since (if + if 2 ) C if, we get a map 
to" : F'/Tf 7 1 ' -> if /if 2 . 

Combining tu" and 77', we get a surjection A' = 77' ©w" : {F®F')/K{F®F') -B- K/K 2 . 

Claim, (i, A) + (if, A') = in E n+S (A). 

Since i + if = A, we get I + if = A. Further, we get a surjection 

* = : Q/(I n K)Q ~ Q/IQ®Q/KQ -» I/I@K/K ~ (in if )/(i n if). 

Let * : Q ^ in if be a lift of * such that the following holds: 

(i) * ® A/7 = -0, where V : <3/7<2 ->->■ 7/(7 + 7 2 ) is a surjection and 
(m) $ ® A/7f = -0', where ip' : Q/KQ -B- K/(K + K 2 ) is a surjection. 

Let $1 : Q/IQ 7/7 2 be a lift of $ ® A/7 and let $ 2 : Q/7fQ 7f/7f 2 be a lift of $® A/7f. Then 
$1 and * 2 induces a map $ 3 : Q/(7 n K)Q -> (7 n 7f )/(/ n 7f ) 2 . 

Since /3 = 7/^7 = ($® A/7) 7 and /?' : F/IF -> i/7 2 is a lift of /3, we get that ai = /3V 1 - $1 
is a map from Q/IQ to (7 + 7 2 )/7 2 C 7/7 2 . Similarly, a 2 = v'il'y 1 - *2 is a map from Q/KQ to 
(K + K 2 )/K 2 C if /if 2 . 

Since w : F' /IF' — H> (i + i 2 )/i 2 is a surjection, we can find g\ : Q/IQ — > F' /IF' such that wgi = a\. 
Similarly, we can find g 2 : Q/KQ -> F'/KF' such that u/'^ = "2 (here w" = Q! ®A/K). 
Let (7 be given by gi, g 2 and 7 be given by 7, 7'. Then 

(o) (2 ?) is an isomorphism from (7W)/(7 n K){F®F') to {Q®F')/{lc\ K){Q®F') and 
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(b) (I ?) is an automorphism of (Q®F')/(I n K){Q®F'). 

Write r = (J ?) J). Since $ is a lift of*, * is a surjection from Q/(lnK)Q to (I C\ K) / {I C\ K) 
and fi : F' —H I fl if is a surjection, we get that ^©f2 : Q®F' — >-» i fl if is a surjection. 

Write 6 = ($©fi)® A/(i n if). Then 9 : (Q®F')/(Tn K)(Q®F') -» {I D K) / (I D K) 2 . Let 
(A, A') : (F®F')/(I n K)(F®F') -»• (in K)/(lC\ Kf be the surjection induced from A, A'. We claim 
that (A, A') = Or. (This follows by checking on V(I) and V(if) separately, but we give a direct proof 
below.) 

Let a 3 : Q/(lD if)Q ->■ (7(1 K)/(lD K) 2 be the map induced from ai,a 2 and let t : F/(I D K) -> 
(inX)/(inX) 2 be the map induced from /?', 77'. Then we have a 3 = T7- 1 - §3. Let H : F'/(lnK)F' ->■ 
(i fl if )/(i n if) 2 be the map induced from w, w". Then we have fig = 0:3. 

Now 8L(0,y) - 9(0, y) = U(y) = (A,A')(0,y) and 9L(x,0) = 9(7(^,57(2;)) = *37(^) +Wf(x) = 
^3l(x) + ry- l7 y(x) - Vaj(x) = t(x) = (A, A') (at, 0). 

This proves that (A, A') = 8I\ By ([4], Theorem 4.2), we get that (J, A) + (if, A') = in E n+S (A). 
Since (if , A') depends only on (I,w), it follows that (I, A) is independent of the choice of if- This 
establishes the claim in step 2. 

If (i, «;) is a global orientation, then we can take if = A in the above proof and it will follow that 
(i, A) is also a global orientation. 

Thus the association (i, w) h4 (J, A) G £" +s (A) defines a homomorphism 0(Q) : G S (A) -> £7' l+s (A), 
where (I,w) are the free generators of G S (A). Further 0(Q) factors through a homomorphism w(Q) : 
£ s (yl) ->■ £™ +s (A) sending (i, to) G £ S (A) to (I, A) G £'™+ s (A). This completes the proof of the theorem. 
■ 

Corollary 2.7 Let A be a regular domain of dimension d > 2 containing an infinite field. Suppose Q 
is a stably free A-module of rank n. Then there exists a homomorphism Wo(Q) '■ Eq(A) — > Eq (A) for 
every integer s > 1 with In + s > d + 3. 

Proof The proof is similar to that of (|2.6[) and we give an outline. Write F — A n and F 1 = A s . 

Suppose (I) is a generator of Gq(A). Here I is an ideal of height s, Spec (A/I) is connected and there 
is a surjection from F' /IF' to i/i 2 . There is a surjection ^ : Q/IQ — H- i/i, where i is an ideal of height 
> n + s. For such a generator (i), we associate (I) G i?g +s (A). 

For well-definedness, fix a local orientation w : F' /IF' —H I/I 2 and a surjective lift ft : F' — h- in if 
of to, where if is an ideal of height > s and if + 1 = A. Let ij/ : Q/KQ — H if /if be a surjection, where 
if is an ideal of height > n + s. As in (|2.6|) . there exists a surjection from F®F' — H i fl if . This shows 
that (i) + (.£:) = in BJ +S (A) and so (7) G £o +s (A) is independent of the choice of t/>. 

The association (i) i-» (i) G i?p l+s (A) extends to a homomorphism (f> : Gg(A) i?Q +s (A). 

If (i) is global (i.e. i is a surjective homomorphism of F'), then taking if = A in the above argument, 
we can prove that (i) is also global. So </>o factors through a homomorphism wo(Q) '■ Eq(A) — > i?Q l+s (A). 
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Definition 2.8 The homomorphism w(Q) in theorem 12.61 will be called the Whitney class homomor- 
phism. The image of (I, w) £ E S (A) under w{Q) will be denoted by w(Q) (1 (I, w). 

Similarly, the homomorphism wq(Q) in (|2.7|l will be called the weak Whitney class homomorphism. 
The image of (I) E Eft (A) under w (Q) will be denoted by w (Q) n (I). 

The proof of the following result is same as ([5], Corollary 3.4), hence we omit it. 

Corollary 2.9 Let A be a regular domain of dimension d > 2 containing an infinite field. Suppose Q is 
a stably free A-module of rank n. For every integer s > 1 loitt 2n + s > <i + 3, we /law 

^'o(Q)C s = C" + MQ) and C"(g*)ry s - r, n+s w {Q), 

where (i) £ r : _E r (A) — H> _Eq(A) is a natural surjection obtained by forgetting the orientation, 

(ii) rf : E r (A) — > CH r (A) is a natural homomorphism, sending (I) to [A/I]. Here CH r (A) denotes 

the Chow group of cycles of codimension r in Spec (A) and 
{Hi) C n (Q*) denote the top Chern class homomorphism J^j. 

The following result is about vanishing of Whitney class homomorphism. When n+ s = d, it is proved 
in (|S], Theorem 3.5) for arbitrary projective module Q and our proof is an adaptation of [§]. We will 
follow the proof of ()2.6[) with necessary modifications. 

Theorem 2.10 Let A be a regular domain of dimension d > 2 containing an infinite field. Suppose Q is 
a stably free A-module of rank n defined by a £ Um I%n+r (A) . Let s > 1 be an integer with 2n + s > d + 3. 
Write F = A n and F' = A s . Let I be an ideal of height s and let w : F' /IF' — H> I / 1 2 be a surjection. If 
Q/IQ = P ®A/I, then w(Q) n (I,w) = in E n+S (A). 

In particular, if Q — P®A, then the homomorphism w(Q) : E S (A) — > E n+S (A) is identically zero. 
Similar statements hold for Wq(Q). 

Proof Step 1. We can find an ideal I C A of height n + s and a surjective homomorphism ip : Q/IQ — > 
-> I/I. Let ^= <ip®A/I : Q/I^ 7/{I + I 2 ). 

Let f2 : F' — !> / be a lift of w and let w = w ® A/ 1 : F' /IF' — H ////. Composing w with the natural 
map I/II^f I / II ^ I /I 2 , we get a map w' : F' /IF' ->• I /I 2 . 

Since Q/IQ = Pq(BA/I, we can write ip = (9, a) for some a € I and 9 G Pq. We may assume that 
ip(Po) = J / 1, for some ideal J C A of height n + s — 1. Note that / = (J, a). 

Since dim A/ J = d — (n+ s — 1) < n — 2 and Pq/IPo is stably free A/J-module of rank n — 1, Pq/JPo 
is free. If "prime" denotes reduction modulo J, then er' can be completed to an elementary matrix in 
E n+r (A/ J). This gives a canonical basis of Pq/JPq, say q[, . . . ,q' n _x- Let 7' : (A/J)" -1 ^> P /JPq be 
the isomorphism given by [q[, . . . ,q' n _ 1 }. 

Let 7 : F/IF = {A/I) n ^ Q/IQ = P /IP ®A/I be the isomorphism given by ( 7 ',1), i.e. 7 = 
[qj, . . . , q^Zi, 1]. Let p = ^7 : F/Zf ^> 7/(7 + 7 2 ) and let j3' : F/IF -> 7/7 2 be a lift of /3. 

As in the proof of ((2~B|) . combining w' and /?', we get a surjection A = j3'@w' : (F®F') /J{F®F') — >-» 
7/7 2 and (7, A) = w(Q) n (I, w). We claim that (7, A) = in E n+S (A). 
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Step 2. In this step, we will prove the claim. The surjection 9 : Pq J /I induces a surjection 8 = 
0®A/J : Pq/JPq -» J/{I + J 2 ). Let C = ~W ■ (A/ J) 11 - 1 -H- J/(I+J 2 ) and let C' : (A/J) 71 ^ 1 -> J /J 2 
be a lift of C- 

If (' denotes the composition of ('®A/I : (A/I) 71 ^ 1 — > J/JI with natural maps J/JI ^ I/JI 
I /I 2 , we get that (C,a) is a lift of f3 : F/IF -H- 1/(1 + I 2 ). Since w(Q) n (I, w) is independent of the 
lift (3' of j3, we may assume that ft = (C, »)■ 

If S : A 11 - 1 -)• J is a lift of then (J, a, fi) : F©P' lis a lift of (/3'X)- If J' is the image of (5, ft), 
then J = J' + J 2 . (To see this, let y G J, then there exists x G ^4™ _1 such that <J(a;) — y ~ yi + z for some 
yi <E I and z € J 2 . Choose xi £ F' such that yi — O(xi) = G I 2 C J 2 . Therefore <5(x) — il(xi) = y 
modulo J 2 .) 

Since J = J' + J 2 , we can find e G J 2 such that (1 — e)J C J' and J = (J',e). Therefore by ([5], 
Lemma 1), J = (J, a) = (J', 6), where b = e + (1 — e)a. Thus (5, 6, f2) : F®F' — >-> / is a surjection which 
is a lift of /3'©w'. This proves that (7, A) = in E n+S (A). This completes the proof. ■ 

2.3 Remark on some results of Yang 

We start this section by describing some results of Yang [IT] . 

(1) Let R be a Noetherian commutative ring of dimension d and let n be an integer with 2n > d + 3. 
Let I be an ideal of R and let p : R — H> R = R/l be the natural surjection. Yang TT] defines a 
group homomorphism E(p) : E n (R;R) —> E n (R;R), called the restriction map of Euler class group, as 
E(p){I, wi) = (F+l, wjt^), where (I, wi) = (/', wv) in E n (R; R) with height of T~+l >ninR. 

(2) Further, let A be a Noetherian commutative ring of dimension s with 2n > s + 3. Assume there 
exists a ring homomorphism : R —> A such that for any local orientation (I,wi) G E n (R;R), height 
of (f)(1) is > n. Then Yang defines a group homomorphism £(^>) : E n (R;R) — > E n (A;A), called the 
extension map of Euler class group, as E((f))(I,Wj) = (</>(/), uwn). 

(3) Let -D(i?, denotes the double of R along i, then 

-> i -> £>(i?,0 ^ i?^ 
is a split exact sequence. The relative Euler class group of i? and Z is defined as 

E n (R, I; R) = ker(E( Pl ) : E n (D(R, I); D(R, I)) -> £ n (E; R)), 

where E(pi) is the restriction map. 

(4) (Homology sequence) Let P2 denote the second projection from D(R, I) — > R. Then the following 
Homology sequence of Euler class group is exact. 

E n (R, I; R) E -H ] E n (R; R) ^4 E n (R/l; R/l). 

(5) (Excision theorem) Further assume that there exists a splitting of p : R —> R/l (i.e. a ring 
homomorphism (3 : R/l — > R such that pj3 — id) satisfying the condition that for any local orientation 
(J,wj) G E n (R/l\ R/l), height of (3(J) is > n. Then we have the following exact sequence, called the 
Excision sequence of Euler class group. 

-> E n (R, I; R) E -H } E n (R; R) ^4 E n (R/l; R/l) -> 0. 
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Note that the existence of a splitting of p is sufficient for the injectivity of Homology sequence. 
(6) As a consequence of above results, if 2n > d + 4, then we have the following split short exact 
sequence: 

-> E n (R[T], (T); R[T]) E -H ] E n (R[T]; R[T]) ^ E n (R; R) -> 0. 

Further if R is a regular afhne domain essentially of finite type over an infinite perfect field, then it 
is proved that E(p) : E n {R[T}\ R[T]) -> E n {R;R) is an isomorphism. Note that Das and Raja ([5], 
Theorem 3.8) also proved this isomorphism for 2n > d + 3. 

Using ([2], 4.11, 5.7) and following the proof in [TT], we get the following stronger results in case of 
polynomial ring over R. 

Theorem 2.11 Assume that R is a regular domain of dimension d containing an infinite field and let n 
be an integer with 2n > d + 3. Then we have the following results: 

(i) (Homology sequence) Let pi denote the second 'projection from D(R[T],l) — > R[T], where I is an 
ideal of R[T]. Then we have the following Homology exact sequence of Euler class group: 

E n {R[T],l;R[T]) E -H } E n {R[T];R[T]) E n {R[T]/l; R[T]/l). 

(ii) (Excision theorem) Further assume that there exists a splitting [3 of p : R[T] — > R[T]/l satisfying 
the condition that for any local orientation (J,wj) € E n (R[T]/l; R[T]/l), height of f3(J) is > n. Then 
we have the following Excision exact sequence of Euler class group: 

-> E n (R[T], I; R[T\) E -H ] E n {R[T};R[T}) E n (R[T]/l; R[T]/l) -> 0. 

In particular, when I — (T), then we have the following split short exact sequence: 

-> E n (R[T], (T);R[T]) ^ E n (R[T\; R[T}) E n (R;R) -> 0. 
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